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NOMENCLATURE 
a(x) -scale factor for y coordinate 
b(x) -scale factor for stream function 
Cd -coefficient of skin friction 
f(�) -dimensionless stream function 
M -material constant 
n -material constant 
R� -Reynolds number based on x 
U ( x) -exte rna 1 fl ow ve 1 oci ty 
u -ve 1 oci ty component in the x direction 
v -velo�ity compenent in the y direction 
1x -coordinate tangent to the body 
y -coordinate perpendicular to the body 
� ·-mass density of the fluid 
Lxy -shear stress 
1Y -stream function 
'l -stretched coordinate defined in Equation (2. 1 2) 
· ,-
CHAPTER I 
INTRODUCTION 
Many solutions exist for the laminar boundary-layer flow of 
Newtonian fluids. This is verified in literature by Schlichting [11]. 
However, some fluids do not obey the Newtonian postulate that the 
stress tensor is directly proportional to the rate of defonnation 
tensor. It is as likely, in fact, that non-Newtonian fluids could 
be pumped into an industrial complex as the more common Newtonian 
flµids. This is partl_y due to the growing use of synthetics and 
petroleum products in modern day living. The use of non-Newtonian 
fluids, however, does not have to be limited to problems of internal 
flow. The fluid in the boundary-layer of a ship's hull could be 
changed to a non-Newtonian fluid by injection of a water soluble 
chemical. As a result, the drag force experienced by the ship could 
be decreased. It is evident then, that the s_tudy of non-Ne\•Jtoni an 
fluids could yield valuable information. 
Non-Newtonian fluids can be divided into three classes: 
(1) Time-independent fluids for which the rate of 
deformation is dependent upon only the instantaneous 
shear stre5s. These models are sometimes called 
"purely viscous fluids. 11 
(2) Time-dependent fluids for which the rate of defonnation 
is a function of both· the magnitude and duration of 
the shear stress. 
(3) Viscoelastic materials in which the fluid has partial 
elastic recovery upon removal of a . deforming shear 
stress. 
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Since the constitutive equation for time-dependent and viscoelastic 
flu ids can become involved, purely viscous fluid models are more 
often easier to use. Purely viscous models, however, are able to 
predict the behavior of many non-Newtonian fluid flows. 
A model of purely viscous fluid, us�d because of its simplicity 
and because it can be applied-to a variety of fluid flows, is the 
power-law fluid model. The constitutive equation for this nodel 
is that the stress tensor is directly proportional to the nth power 
of the rat.e of deformation tensor. This model was used by 
Schowalter [12] to develop the two-dimensional boundary-layer 
theory of pseudo-plas.tic fluids. He ·found that the shear stress 
is proporti ona 1 to the nth power of the ve 1 oci ty gradient and 
that similar solutions exist for Falkner-Skan type flows. 
Acrivos et� [l] v,ere the first to attempt a discussion of 
flow past external surfaces.. They studied the momentum and heat 
transfer in laminar boundary-layer flows of power-law fluids and 
also solved the flat plate problem by �oth an integral method and 
a numerical method. Their results, however, indicated that the 
Pohlhausen integral r.iethod [11] is generally less accurate fo·r 
studying power-law fluids than for Nev1tonian fluids. They also 
predicted that his inaccuracy might be increased when the surface 
became more complicated than a flat plate. In 1965, Berkovskii [3] 
obtained exact numerical sol uti ans for the boundary-1 ayer flow 
of pseudo-plastic fluids. His study dealt with the flow past a 
penneable flat plate and the flow near the stagnation point. 
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Later, Lee and Ames [8], discussed similarity solutions for 
non-Newtonian fluid flmvs. They also applied a numerical technique 
to find the solution for forced convection of pm1er-law fluids­
about a right angle wedge. 
In this analysis a solution is ob.tained for steady, two­
dimensional, incompressible, laminar, boundary-layer flows of 
power-law fluids. A similarity transf onnation is first used to 
.convert the governing partial differential equation into an 
ordinary differential equation of Falkner-Skan type flm'ls. A 
discussion of the external velocity- functions which wi 11 permit 
similar.flows is also presented here� The solution of the 
ordinary differential equation is found by a method of series 
expansion followed by use of the method of steepest descent 
(see appendix A). The solution obtained is a seri�s of 
gamma functions which is usuall y divergent and Euler's transfonnation 
(see appendix B) is used to find the correct sum of the series. 
This method was first used by ·Meksyn [9] to analyze 
boundary-1 ayer fl ow of Newtonian fluids. He f ound the method 
to be powerful and very accurate. Hsu [7] also used this method 
to so 1 ve the prob 1 em of boun da ry-1 ayer- fl ow of power-1 aw fluids 
past a semi-infinite flat plate. The results obtained were in 
excellent agreement with results found by numerical techniques 
[1 and 3]. 
CHAPTER II 
GOVERNIN G  EQUATIOt(S 
The flow about a submerged body can be separated into two regions: 
a thin layer close to the body where frictional forces are of the 
same order of m.agni tude as the inertial forces, and a region 
.outside this boundary-layer where the fluid can be considered ideal 
(i. e. friction can be neglected) . Schlichting [11] developed 
the boundary-layer equations for Newtonian fluids by estimating 
the magnitude of each dimensionless term in the Navier-Stokes 
mo�entum equations. 
Schm<1al ter [12] used this same technique to find the boundary-
11 ayer equations for power-1 av.J fl ui-ds. He found that the governing 
boundary-layer equati_ons of motion and continuity for steady, 
two-dimensional, incompressible, laminar flow past a submerged 
body are 
(1 u � + f?V � = u
dU 
+ �y xy 
ix 'ti y dx d y 
�+ h= o 
� X � y 
( 2. 1) 
(2.2) 
respectively, v,here � is the constant density, x and y are 
Cartesian coordinates measured tangent and nonnal to the body 
respectivel y, u and v are the components of the velocity vector 
in the x and y directions respecti'vely, U is the external fl ow 
velocity, and lxy is the shear stress. 
· ,. 
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The constitutive equation for the power-law fluid model is 
rr [il u ) v�n '-xy = M -+ -
)y . )-x 
(2. 3) 
where Mand n are positive constants . In the boundary-layer however, 
and consequently equation (2. 3) can be r�duced to [12] 
(2.4) 
The boundary ·con di ti ons for the boundary-layer equations are: 
at y=O: u=O ' v=O 
and as y-,,.a:, :, u � U ( x) 
(2.5) 
(2.6) 
A stream function rtf(x,y) can be introduced from the con­
tinuity equation such that 
V = - )1/f (2. 7) 
)x 
By substituting equations (2. 7) and (2. 4) into equation (2.1) 
the result can be written as 
(2.8) 
where the subscripts denote partial differentiation. The boundary ·"" 
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conditions (2.5) and (2.6) can also be found in terms of the stream 
function as 
'Yy(x,O) = 0, Y x(x,O) = O 
1Y y(x,y--CX)) = U (x) 
(2.9) 
{2.10) 
A solution of the boundary-layer equations is not possible 
without the use of a similarity transfonnation. Schlichting [1 1] 
defined these 'similar' solutions as those for which the component 
u of the velocity vector has a property such that for any two different 
velocity profiles of u(x,y), located at different coordinates x, the 
velocity profile of u(x,y) would differ only by a scale factor 
in u and y. The boundary conditions can be simplified through 
•the use of the correct seal i nq factors. If the free stream 
velocity function U (x) is used as ·the scaling factor for u(x,y), 
the dirn�nsionless velocity_ u 1 varies -from zero at the wall, to 
one across the boundary-layer. The scale factor of y can be 
designated as a(x), where a(x) is made proportional to the 
boundary-1 ayer thickness. Stated quantitatively, the requirement 
for similarity is 
tl• � = t2• i:;,J {2 .11) 
_U (x1) U (x2) 
where the subscripts refer to different positions of x. 
By introducing t\-10 scaling factors a (x) and b (x) such that 
'1 = y 
a (x) 
• f ( ri_ ) = '\( ( X ,y ) 
. . b (x) 
the ve 1 oci ty components from equation (2. 7) become 
(2.1 2) 
u =Vy= �u1. f (tt) (2. 1 3) 
a (x) \ 
v =-?( = b (x) [
a' (x) 'l f
'\ 
(I'() - b' (x) f Cri� (2. 1 4) 
x a (x) b(x) J 
where the prime and subscript-denote differentiation. If one 
lets 
b(x) = a (x)U(x) (2.1.5) 
the boundary conditions (2.9) and (2. 10) can easily be found as: 
f (0) = 0, f q (0) = 0 
f
ri < rt -�)--1 
(2.1 6) 
(2. 1 7) 
7 
Equations (2. 13) and (2. 1 4) can now be substituted in the boundary­
l ayer equation (2.8) to yield 
2n+l 
UU I t? - U 2b I ft = U U 1 · + i•1 U f. n-1 f "\ - ff\ - n -- '1.'t '1�'l b ( bn+l 
This equation can be reduced to the fo!111 
bnb, 2-n U, bn+ 1 2 1 f'('lrt + e ff�'l + e (1 - f� )f ��n 
MnU2n-1 MnU
2n \ 
= 0 (2.18) 
E q uation (2. 1 8) indi-cates a similar sol ution only if the resulting 
equation i s  an ordinary differential eq uation . This condition 
implies that 
and 
t.> bn b 1 -L--- = o( = constant 
Mnu 2n-1 
t::> U ' b
n+l 
f3 ?otc- = = constant 
Mnu20 
(2. 1 9) 
(2. 20) 
I t  is evident from equation (2. 1- 8 ) that there are fou r possible 
·combi nati ons of 0( an d f3 : 
ex. = 0 ,  f3 = 0 
cl.. t- 0, 8 = 0 
ol = 0 ,  f3 1 0 
ol 1 0 ,  J3 1 O 
I f  both ex.. and f3 are zero, equation (2 . 1 8) becomes 
f '1.'1'1 = 0 
Two integrations with respect to rt of the above re 1 ati on y i  e 1 ds 
fq = cri + D 
where C and D are integration constants to be found by ap plying 
the boundary conditions . However ,  by using the boundary condition 
8 
(2. 1 7) it can be shown that the constants C and D are undefined. 
Therefore , no simi 1 ar so 1 ut i on exists for the case ex and f3 
both eq ual to zero. 
The second comb ination is ex ; 0 and f3 = 0 . If f3 =O , 
then from relation (2. 20) either U 1 (x) or bn
+ l (x } must be equal 
to zero . Now from e q u at i on ( 2 • 1 5 ) , U ( x) i s a fun ct i on of b ( x) 
an d if b ( x) were equal to zero then U ( x }  must also equ al 
zero. This so l ution is trivial however , and therefore U '  (x } 
must be equal to zero. This condition implies that U ( x) must be 
a constant an d eq uation (2. 18) then becomes 
f'i'?'l + f f��
n = O { 2 .  2 1  ) 
This is the eq uation of b oundary-layer flow of  power-la\1/ fluids 
past a semi-infinite f l at plate and has been solved by Hsu [7] by 
the same method presented in the next chapter. 
The third possible comb inat ion is that o< = O and f3 r O. 
Relation (2. 1 9) indicates that the scale factor b (x) is a constant 
and eq uation (2.20 } becomes 
u -2n dU = B r·,1n = B 1 = - constant 
dx e bn+l 
I f  n = l/2, then eq uation (2.22) imples> that 
s , x 
U (x) = Ce 
( 2 . 22) 
(2. 23) 
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where C i s  a constant .  Thi s i s  rel ati on for sp i ra l  fl ows and 
was sol ved by Haya s i i [ 6 ]  i n  c l o sed form .  I f  n ;  1 /2 ,  the 
resu l t of educati on _ ( 2 . 22 )  i s  
lo ] l - 2n U (x )  = LBl ( Hn )x  + B� 
It i s  des i rab l e ,  however ,  to obta i n a free stream vel oc i ty U ( x )  
s o  that i t  can be appl i ed to a vari ety of fl u i d s . The a bove 
equati on i nd i cates  that  the vel oc i ty U ( x )  i s  a functi on of the 
type of fl u i d . Not much i nformati on can be obtai ned by studyi ng 
th i s  type of fl ow and th i s  case wi l l  therefore be omi tted from 
the ana lys i s .  
The l as t  pos s i b l e  comb i nat ion of o( and /3 i s  that both 
are non-zero constants . The resu l t  obta i ned by i ntegrat i o n  of 
rel ati on ( 2 . 1 9 )  i s  
X 
b (x) = to£ Mn �n+l ) £ U2 n - l dx + Aa 1 / ( n+l ) 
Subst i tuti ng ( 2 . 24 )  i nto ( 2 . 20 )  the resu l t obta i ned .  i s  
f3 
= 
Mn�2� · 
rMn�
n+l
) [ :2n- l d
T
/ (n+l ) 
( 2 . 24 )  
( 2 . 25 )  
S i nce (3 mu s t  be a constant , the ri ght s i de of equati on ( 2 . 25 )  
mu st b e  a constant ,  o r  i ndependent of x :  I t  can b e  s hown tha t  
thi s cond i t i on i s  sati sf ied i f  
U ( x } = A ( B+Cx ) q ( 2 � 26 )  
where A ,  B ,  C ,  and q are arb i trary 'Constants . By subst i tuti on 
of equat i on ( 2 . 26 )  i nto equat i on ( 2 . 25 )  the resu l t obta i ned i s  
1 0  
{!J = g{n+l) 
q(2n-1 ) +1 (2. 27) 
Now , by lettin g ol= 1 ' equation (2. 18) reduces to 
ff��
n 
· + f3 ·(1 2 1 -n f'1�f\ + - f� ) f  '\\ = 0 (2 . 28) 
where f3 is given by eq uati �n (2. 27).  When B = 0 and q > o ,  
equation (2. 26) describes the flow past a wedge of angle equal 
to 2q 11"/(q +l). This type of flow is known as Falkner-Skan 
type flow and will be the typ� studie d here. 
The boundary conditions to be satisfied by eq uation (2.28) 
are 
f(0) = 0, f� (0) = 0 
· f
"l 
( ri -- 00) � l  
(2. 29) 
(2. 30) 
Using the similarity ·transformations . (2. 1 2) through (2. 1 5) and 
relation (2. 24) , the shear stress defined by the power-1 aw · 
model may be written as 
Y xy=u 2 [ n(n+l) ] ��l f�'\. 
[Re] -l/(n+l) 
( 2 . 31 ) 
where Re is the dimensionless Reynolds number and can be fo und 
to be equal to 
Re= u2-n (B/ C+x )
n
e 
M(2nq -q+l") n 
where U = A(B+Cx ) q. 
(2. 32) 
1 1  
Acrivos et tl [1 ] placed a limi tation on the value for n 
used in the Reynolds number . He noted that if the Reynolds n umbe r 
was l a rge (i. e. bo�nda ry-l ayer flow ) , then n � 2. This is evident 
from eq uation (2 . 32 ) .  If values for n > 2 were al lowed, the 
Reynolds number could become small, and as a res ul t the boundary­
l ayer equations would not be v alid. For this reason, this s tudy 
limits n s uch that n 6. 2. 
The coefficient of s kin friction Cd _ is defined as 
Cd = 
Re 1 / ( n+ 1 ) [ l xy ] y=O 
u2 
= [n(n+l)r
n/(n+l) f�'l(O) (2 . 33 )  
1 2  
· ,.. 
CHAPTER I I I  
METHOD OF  SOLUTION 
According to Mekseyn [10], a solut ion of equation (2. 28) mi ght 
be - obtained if f { rt ) is first expanded in a series in powers o f  'l 
such that for small values of � 
oo m 
f ( rt ) : [ affi ,rz I 
m= o m. 
(3. 1) 
By applying the boundary con di ti ons (2. 2-9 ) ,  subs ti tut i  ng the series 
(3. 1) into equat ion (2. 28) , and collecting te nns of equal power of 
� , the coef ficients of am in the series of (3. 1) can be found 
to be 
a0 = o 
a 1 = O 
a2" = a 
a3 =- f3 / 
a4 = 
f3 2k a2k-1 
a5 =- t3 3k (2k-1) + (2_8-l) /
+ 2 
a6 = 8 
4k (6k2 -7k+2 )  + 8 [ 2k (2,B +1 )-6,B +� 
a 7  = - f3 5k(24k3-46 k2+26k-6 )a5 k-4 
+ f3 2 [ (28� -18) k2+ (18,8 -17) k .. +6,6 -4] a3 k  
etc. 
2k+1 a (3. 2 ) 
Notice that the coef ficients in relations ( 3. 2) are expressed in 
terms o f  known parameters ,B and � = 1-n , and the unknown coe fficient 
2 � b s 9 2. "SOUTH DM<OTA_ STATE U N IVERSITY LJBRARY 
For sufficientl y sma l l values of � i t  can be found from 
relati ons (3. 1 )  and ( 3. 2) that 
wi th the coeffi cients em defined as. 
ea = 0 
e1 = O 
e2 = ak
+l 
e3 = - f3 ( 3k+ l )a
2 k  
e4 = ,8 2k (12k-1 )a3 k-l 
e5 = - ,B 3k(60k2-43k+9)a4k -2+ ( 2 f3 -1 )( l Ok+l ) a2 k+2 
e6 = (34.k { 360k3-522k2+26 7k-48)a5k-3 
- [8 2 ( 60k2+26 k+6)- ,8 (90k2+28k+4)] a3k+l 
e7 _= - ,85k ( 2520k.4-5646k3+4875k2--1917k+288)a6 k-4 
+ (3 2 [.6 (100Bk3+42k2+284k+6 )-100Bk3 -46k 2 
-108k-4 ] a4k 
etc. 
. , 3.3) 
( 3. 4_ } 
These coefficients (3. 4 ) are needed i n  evaluating the unknown 
coeff i ci ents a2 -by the me thod of steepest descent. 
Equati on (2. 28) can be wri tten as ., 
f "trtfl + G ( � ) f t\fl = H ( '1 ) { 3 . 5) 
14 
where G( � ) and H ( l'\ )  are gi ven by 
G ( '{ ) = ff�� 
2 k H ( � ) = B ( f  � . -1 ) f �rt 
The i ntegrati ng factor I . F. for equati on (3. 5 )  i s  
f G ( rt )d� 
I .  F . = e 
The result obtained by i ntegrati ng (3 . 5) once i s  
f '1'l ( '1) = e 
-F ( '\ l
cp ( '\ ) 
( 3 . 6) 
( 3 .  7 )  
(3 . 8) 
( 3 . 9) 
( 3 . l O) 
( 3 . 1 1 ) 
By i ntegrating (3 . 9) once more and applying the boundary con di ti on 
( 3 .  12) 
and thi s  i nte gral appears to be of the form �hat can be evaluated 
by the method of steepest descent . 
To evaluate i ntegral (3 . 12) , F(  Y\ ) ·i s  f i rst expanded in a 
power seri es of rt such that 
o:, m 
F ('l )  = \ 3 [ cm� = T 
t'rt=O 
( 3 . 1 3) 
1 5  
It is noted here that the first ten11 of (3 . 1 3 )  starts with ri 3 
and from equations (3. 3 )  and (3 . 10 )  the coeffic) ent c
m 
is found 
to be 
cm = em+2 
(m+3) ! 
( 3.14) 
By use of the inversion theorem [ 1 3], it can be shown from 
eq uation (3. 13) that 
ri = L � L (mtl ) /3 (3. 1 5 )  
m-=o m+l 
and 
d'l = t [ bm L (m-2) 1 3d t  ( 3.1 6) 
m-zo 
For a given value of m, equations (3. 1 5 ) and (3. 16 ) can be us ed 
to show that 
f O+ ;�(mtl ) /3 
b 
f 
O +J 0+,0-t 
m de = - --
= 3 t (3.17)  
Ot-
Where f is a single circuit around the zero point � = O ,  
, . f O + , Of-, 0-t-
and this corresponds to a triple circuit (i. e. ) 
around '[ = 0. Cauchy ' s  integral theorem [4 ] can be  appli e d  to 
( 3. 1 7 )  to shm,, that bm 
is the re sidue in the expression 
� -(m+l ) /3 , or nnre specifically, b; is the coefficient of 
n -1 · ti . ,-, (m+l ) / 3 Th ff .  b \ r n  1e exp ress , on L, • e coe 1 cent m can now 
• 
be found to be the coefficient of � m i n  the expressi on  
[co+c1 '1. +c2 '1. 
2 +c3 '\ 3 • . . . .  J - (
m+ 1 ) /3 = 
� Dj ( m )�
j 
� j = O 
or  that 
( 3 . 18) 
(3 . 1 9) 
The coefficient Dj ( m) i n  relation (3. 1 8) can be found  by 
Macl a uri n  s e ri e s e xpan s i on .  The res ul ts are :  
Do (m) = co- (m+l ) /3 = Do 
� 
D ( m) 
7 
e tc . 
= 
7 5 
D [ P 
rl + P rl r2 0 771 6 5 ! 
+ p6 (
rjr3 
4 !  
+P4 (
rh 
3 !  
2 3 ) +rl r2 r3 + r1 r2 
2 ! 3 !  
( 
r2 r · r r2 r2 r 
) +P 3 -2-2. + ri r2 r 4 + _l_l + ..Ll 
2 ! 2 !  2 ! 
+P 2 ( rl r 6 + r 2 r 5 + r 3 r 4 ) + p 1"r1] 
(3 . 20 )  
3 2 
l + 
rl r2 
3 ! 2 !  
1 7 
i n  whi ch rj = cj/ co and Pj is a factori al polynomi al o f  degree j 
and is defi ned as 
Pj = Pj { m) = w (w- l ) (w-2 ) .. • . . . . . . • . . .  (w-j+l ) ( 3 .  2 1 ) 
and 
w ·= - ( m+l ) / 3  ( 3. 2 2 ) 
There is no di ffi cu l ty i n  recordi ng the express i on for Dj ( m) for 
any val ue of j , s i nce e{luations ( 3 . 20 )  contai n some sys tema ti c 
re l atfons betwee n the  s ubscri pts of P ,  an d the power an d s ubs cri pt 
of r i n  e ach term .  
Now for s uffi ci ently  smal 1 val ues of  1 , cp ( � ) can be  
wri tte n as 
cp 
( 'l ) = L dj '1 j ( 3 . 2 3 ) 
f= O 
and dj ca� be  found fr9m re l ati ons ( 3. 1 ) ,  ( 3 . 1 3 ) ,  an d ( 3 . 2 3 ) as 
do = a2 = a 
k · d 1  = - /3 a  
1 ·8 2 2k- l  d2 = Z ka 
d3 = � 83k { 2k - l )a3k-2 + · 2 f3 /+2 
d4 =2!{84k (6 k 2- 7k -2 )a4 k-3 + (3 [ 2 i9 (2k - 3 ) -k - 1] J a2 k +l 
d5 =-
1-f- 6  5k ( 24k 3 -46 k 2 +29k -6 ) aS k -4 1 20 
+ 8 2 [B ( 28k2+ l 8k+6 ) -6k2+ 7k+l ] J a3k 
e tc .  
( 3 . 24 ) 
1 8  
1 9  
By expres s i ng the i ntegral (3 . 12) i n  te nns of the res ul t i s  
where 
� Jy f '1 ( 'l ) = f-F
( 
'l 
)
¢ ( 7 )d1 = d/)(_'l )w z 
0 0 
(3.25) 
CD 
rv'J q) ( � ) d n  = (_-2/3 L hm (, 2/ 3  (3 . 26) dZ- m=o 
The expans i on ( 3. 26 )  s tarts wi th the term y -213 , s i nce � ,  
from relati on (3. 15) , s tarts wi th y 113. 
The express i on for hm may be found through the use  of 
Cauch y's i ntegral theorem . In a s imi lar proces s  as was done i n  
fi ndi ng the coeffi ci ent bm , hm can be shown equal 
coeffi ci ent of � m i n  the express i on [9] . 
2 - {m+l )/ 3 ( co + c1 rt + c2 '( + . . .  ) ( d0 + df l 
or that hm i s  the coeffi ci ent of � m i n  
a:, ro 
l '[ d 
j 
'1 j [ D
j 
(m) '1 j 
3 j'= O j "= O 
from wh i ch one can obtai n 
to 1 / 3 the 
2 
+ d2 rt + · · · · · ) 
( 3. 27) 
. ·r 
The coefficients hm are : 
ho = 1(6 ) 1 /3 - (2-k)/3 3 a 
h1 = fi { 6)2/3 . {3k+l)a(k+4)/3_ack-2 ) /3 
·
. h2 
= - 8 2ak�2 3k2+1 7k+ll 
40 , { 3.28) 
· h 3 = ( 6 ) 
1 / 3 { 1 o ao·a ( 
2 -k ) / 3
. 
[ � B ( 1 6  o k -12) + so k + s J 
3240 . 
+l 8{3 3a (Sk- i O )/J  [33k2 - 1 14k--35] 
+ 8 4a ( ak-3 l / 3 [ 13,797k3+as2sk2+63k+s] J 
F i nal l y ,  by s ubs ti tuti ng (3 . 26 ) into (3 . 2 5) one finds that 
. f 
'l 
( 'l ) =J
:-r ! hm y (m-2)/3dT = f: hmft'. ( ;+_lj 
(3. 29 ) 
where � i s  the i ncomp 1 ete gamma function. Si nee V\ can be 
determined from equation (3. 15 ) for any value of T ,  relation 
(3. 29) can be used to f i nd the veloci ty profil� after a2 is 
determined . 
Equation (3. 15 ) is valid for only small values of '1 .  
The integral in equation (3. 29), however, has a col of order two 
at � = 0 and relati on (3. 15 ) indicates that the Debye path for 
the i ntegra 1 is the one in the yt -di recti on wi th 0 � � � co . 
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Now if ¢ ( 1_ ) is as sumed to be a slowl y varying f unction, then 
the rrethod of  s teepest descent can be applied to equation (3.29). 
It is also  important to notice the F( 1. ) is a monotonically 
· inc reasing positive fun ction. Equation (3. 29) is therefore a good 
approximation for the integral in the interval 0� rt � o:, . By 
applying boundary condition (2.30) , equation (3. 29) becomes 
a:> 
f '1. ('l - "" ) = [ e- '<jJ ( q  ):� dl = t hl(m;lj = l 
0 m=o 
where r is the complete ga�a fun ction. 
(3.30) 
The only undetermined coefficient a2 = a o f  the pr9blem can 
·now be found by s umming a finite number of  terms in the series · 
(3. 30). In the calculations ,  however, the series is usually 
divergent and Euler ' s  trans formation can be used to find the 
correct sum (appendix - B). 
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CHAPTER I V  
RESULTS AN D DI SC USSIONS 
A comp uter program was written for the first ten terms in 
· expression (3 . 30). * This series is a function of a p arameter 
given by (�.27), a material parameter n, and the unknown coefficient 
a2 = a. A trial and error pro cedure is a·dopted to find the 
correct val ue of the unknown coefficient, and ,·,hen a2 is found, 
- the series will sum to one . Since this _series is usual ly divergent 
Euler ' s  transformation must be used to find the correct sum .  
When the external flow velocity is U { x) = A (B + C x )q the 
- flow is Falkner-Skan type. The results for this problem are 
'presented in Tables 1 and 2 .  The term wedge angle used in the 
I 
tables is related to q by 
wedge angle = 2-11 q/ (q+l) {4 . 1 ) 
If the external stream velocity is U( x ) = Cxq , equation { 4. 1 ) 
desc ribes the real wedge angle. 
The value f f\'\ (0) = a2 found by use of relation (3. 30) is 
presented in Tab 1 e 1 for var f ous wedge angl es and different va 1 ues 
of n .  Since f '1.t\ ( 0 ) is the slope of the velo city profile at the 
bo dy, Table 1 and Figure 4. 1 s h ow that for increasing wedge angle, 
the slope of the velocity profile increases at the body. This 
*Fortran computer pro gram is available upon request from 
Department of  Mechanical Engineering ,  South Dakot a  State University, 
Brookings, South Dakota. 
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TABLE 1 
VAL UES FOR  f yt � (O) = a  
Materi al  Coeffi ci ent n 
Hedge 
Ang l e  0 . 2 0 . 3  0 . 4 0 . 5 0 . 6 0 . 7  0 . 8 
0 . 11T 0 . 249 0 . 294 0 . 339 0 . 384 0 . 42 7  0 . 470 0 . 5 1 1  
0 . 2rr 0 . 3 1 5  0 . 364 0 . 41 5 0 . 465  0 . 5 1 4 0 . 56 1 0 . 606  
0 .  3rr o . 382 0 . 473 0 . 49 7  0 . 550 0 . 60 1  0 . 6 50 0 . 69 5  
0 . 4rr 0 . 472 0 . 5 38 0 . 605 0 . 656 0 .  70 3 0 .  746 0 .  786 
0 . 511 0 . 5 84 0 . 6 42 0 . 698 0 . 747 0 .  79 2 0 . 831 0 . 876 
0 .  6-rr o . 706 0 . 759 0 . 806 0 . 848 0 . 885 0' . 9 1 8 0 . 948 
0 . 7-rr 0 . 876 0 . 904 · 0 .  9 33 0 . 960 0 . 984 1 . 006 1 . 02 7  
0 . 811 1 .  1 2 1 1 .  0 9 1  1 . 083 1 .  089 1 .  096 1 . 098 1 . 1 06  
0 .  9rr 1 . 498  1 .  34 1 1 . 266  1 . 225  1 . 20 3  1 .  1 9 1  - 1 . 1 86 
ff 2 . 1 54 1 . 6 9 1  1 . 492  1 .  387 1 .  31 8 1 . 289 1 .  265 
Mate ri a 1 Coeffi ci ent  n 
Wedge 
Ang l e 0 . 9 1 . 0 1 . 2 1 . 4 1 . 6 1 . 8 2 . 0  
0 .  1 rr 0 . 548 0 . 588 0 . 658  0 .  71 3 0 . 7 78 0 . 824  0 . 873 
0 . 2rr 0 . 6 47  0 . 687 0 . 759  0 . 81 2  0 . 873  0 . 9 1 6  0 . 940 
0 . 3rr 0 . 7 38 0 . 775 0 . 842 0 . 874 0 . 946 0 . 984 1 . 0 1 0 
0 . 4'11 0 . 81 9  0 . 856 0 . 9 1 5 0 . 936 1 . 002  1 .  0 35 1 . 062  
0 . 511 0 . 899  0 . 9 30 0 . 980 1 . 0 1 7  1 . 054 1 .  081 1 . 1 04  
0 . 6rr 0 . 9 74 0 . 9 97  1 .  0 39 1 . 0 72 1 . 098 1 . 1 20 1 .  1 38 
0 .  71T 1 . 043  1 . 06 3 1 . 092 l . 1 1� 1 .  1 36 1 .  1 5 2 l . 1 6 6  
0 .  8tr 1 . 1 1 6 1 . 1 24 1 . 1 4 1 1 . 1 56 1 . 1 68  1 .  1 80 1 .  1 87 
0 .  911 1 .  1 85 1 .  1 84 1 . 1 88 1 . 1 9 3  1 . 1 9 9  1 .  204 1 . 209 
T1 1 . 2 50 1 .  2 33 1 . 224 1 . 225  1 . 226 1 .  227  1 .  228 
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Figure 4 .  1 
Effect of Parameter q ,  or Wedge Angle , on f�� (0) for Vari ous Values 
of n. 
frz� (o) 
1 . 6----------------..------a----r--. 
1 .4 
o . o
o . o  . 2  . 4  . 6  
WEDGE  ANGL E (n) 
. 8  1 
25 
implies that the dis placement thickness decreas es with increasing 
wedge angle. · Table 1 also shows that for wedge angles of  O. lff 
through O. 7 rr  the slope of the velocity profile at the body 
increases with increasing n. From wedge angle values of 0. 8 Tr  
through Tf ,  however, the slope firs t decreas es and then increas es 
for increasing n. This variation, however, is a fun ction of how � 
is defined and therefore no conclusions may be reache d  by comparin g 
f Yl t'l (0) with n. This is shown in the las t paragraph on comparison 
of results. 
The value of Cd ( coe fficient of s kin friction ) de fined in 
equation (2. 33) is presented in Table 2 and Figure 4. 2 for 
various wedg� angles and material constants n. The table and 
graph clearly sho'l"I that for increasing wedge an gle, the coefficient 
of skin friction also increases. Figure 4 . 3 an d Table 2 also 
show that for increasing values of n, the coe fficient of skin 
friction decreas es .  
The accuracy o f  t h e  rrethod and the res ults ob tained i n  this 
study can be checked by comparison with the  following publis hed 
numerical results: 
(1) When n=l, the solution obtaine d  is for Falk ner-Skan 
flow of Newtcnian fluid. The publishe d numerical 
results in New Methods in Laminar Boundary-laye r Theory 
by Meksyn differ from this study ' s  results by not more 
than 0. 5 per cent. 
· ,,. 
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TABL E  2 
COEFFICIENT OF SKIN F RICTION Cd 
Material Coefficient n 
Wedge 
Angle 0 . 2 0 . 3  0 . 4 0 . 5 0 . 6 0 . 7  0 . 8  
0. ln  0 . 96 1  0 . 86 1  0 . 766  0 . 6 82 0 . 609 0 . 549 0 . 49 7 
o .. 2 n  1 . 007  0 . 9 1 8  . o . 830 0 .  75 .l 0 . 681 0 . 6 2 1  0 � 5 70 
0 . 31'!' 1 . 0 46 0 . 99 3  0 . 89 2  0 . 81 6  0 . 748 0 . 689 0 . 6 36 
0. 41r 1 . 092 1 . 0 32 0 . 965  0 � 89 1  0 . 822  0 .  75 8 0 .  70 1 
0 . 5-rr 1 . 1 39 J . 088 1 . 022 0 . 95 1  0 . 883 0 . 81 8 0 . 759 
0. 611 1 . 1 83  1 .  1 44 1 . 083 1 . 0 1 4 0 . 944 · 0 . 877  0 . 8 1 5  
0. 7,r; 1 .  2 35 1 . 206 1 . 1 48 1 . 0 78 1 . 006 0 .  9 35 0 . 869 
0 .  Brr 1 . 298 1 . 2 76 1 . 2 1 8 1 .  1 49 1 . 0 73  0 . 994 · 0 . 922 
0.  9 1T  1 .  375 1 .  35 7 1 . 297  1 . 2 1 8 1 .  1 35 1 . 052  0 . 9 75 
'11 1 . 4 79 1 . 455 1 .  385 1 .  296 1 . 1 98 1 . 1 1 2  1 . 026 
, . 
Material Coefficient n .. 
Wedge 
Angle 0 . 9  1 . 0 1 . 2 1 . 4 1 . 6 1 . 8 2 . 0  
0 .  hr  0 . 45 1  0 . 4 1 6 0 . 356  o .  30 7 0 . 2 78 0 . 250 0 . 2 31 
0 . 21r 0 . 5 24  0 . 486 0 . 423  0 .  368 0 .  335 0 .  30 2 0 . 268 
0 .  3tr 0 . 590 0 . 548 0 . 479 0 . 408 0 .  381 0 . 343  0 .  309 
0. 411 0 . 6 48 0 . 605 0 . 5 29 0 . 450 0 . 4 1 7  0 . 376 0 .  342 
o . 5tr 0 . 705 0 . 6 5 8  0 . 5 75 0 . 505 0 . 45 2 0 . 40 7  0 .  369 
0 � 61T 0 . 757  0 .  705 0 . 6 1 7 0 . 542 0 . 483 0 . 4 34 0 . 392  
0 .  7rr 0 . 806 0 . 75 2  0 . 6 54  0 . 5 7 3  0 . 5 1 0  0 . 456  0 . 41 2 
o . ·a-rr 0 . 856 0 .  79 5 0 . 6 90 0 . 604 0 . 5 33 0 . 476 0 . 42)  
0 .  91T 0 . 904 0 . 837 0 . 724  0 . 6 31 0 . 55 6  0 . 494 0 . 443 .,, 0 . 948 0 . 872 0 . 75 1  0 . 6 5 5  0 . 5 76 0 . 5 1 1  0 . 45 7  
F i gure 4 . 2  
Effect of Parameter q (or Wedge An gl e) on Coeffi ci en t  of Sk i n 
Fri cti on _ Cd for Va.rious Val ues of n .  
1 . 6 , ----------�-----------.----
0 . 0  ._.ac:;ai;;;;-�----------------=---=-' 
o· . o 0 . 2  0 . 4  0 . 6  0 . 8  1 . 0 
WEDGE ANGLE (11 ) 
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F i gu re 4 .  3 
Effe ct of Mate ri al . Pa rameter n on Coeffi ci ent of  Ski n F ri cti on 
Cd fo r V a ri ous We dge An gl es . 
1 . 0 ,__�-J--'�---"l--➔�-'---+-----A---➔----I----I-----I 
0 . 9 ----���--+�c--�--'�'---.A----4-------+---+--� 
0 . 21------t---+---t---+----+---+---l---+------J 
0 . 1 11----+----+---+---+------t---+---+---+--� 
o . o.__ _____ � __ ..._ _ _._ _ __,, __ ..._ ________ _ 
2 8  
0 . 2  0 . 4  0 . 6  0 . 8  1 . 0 1 . 2 1 . 4 1 . 6 1 . 8 2 . 0 
MATERIAL PARAMETE R  n 
(2) The results also agree with numerical solution obtained 
by Lee an d Ames [8]. They studied the fl ow o f  power-1 aw 
fluids past a right an gle wedge and their results 
were presented in a graph. In their analysis they 
let ol... = 2/3n instead of ·c1... = 1 considered i n  this 
study. The relationship for f
'1'1 (0) = a2 betv-,een these 
results an d the Lee and AITE S Solution is 
f 'l 'l ( O ) = ( 3n / 2 ) 1 I ( n+ 1 ) L � 'l ( o ) 
where L '11. (0) corres ponds to the results obtained by 
Lee an d Ames. 
(3) When the wedge an gle is equal to Tf, the results given 
in Table 1 agree with numerical solutions given by 
. Berkovskii [ 3] and Acri Vos et tl [2] for stagnant 
fl ow of power-1 aN fluids. Acri vos et � 1 et o( eq ua 1 
to 1/n an d their results can be converted into results 
obtained in this study by letting 
1/ (n+l) f '1 't (0) = n A "1'1. (0) 
where A
yt� (0) are the solutions obtained by Acrivos 
et al . - -
Since the results o f  some special cases obtaine d in this 
analysis compare favorably with the solutions prese nted by other 
authors for the same type of floi.,1, the results given here can be 
assume d to be valid an d accurate. One might also conclude from 
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the complexity of this problem and the variety of solutions obtained 
in this study that the similarity transformation and saddle poi nt 
rrethod is a powerful technique in solving boundary-layer flow problems. 
APPENDIX A 
THE METHOD OF STEEPEST bESCENT 
The general idea of the saddle point method can be given 
as follows : Consider the integral 
b 
F(t) =S
a
g(z )eth ( z )dz 
In order to e valuate the integral approximate l y  by the method 
o f  s teeRest descent the integral must meet the following conditions : 
( 1 ) \ t l i s 1 a rge . 
( 2 ) g ( z ) i s a s l ow 1 y vary i n g fun ct i on . 
(3) The integrand has a col or saddle point of  order 
greater or eq ual to one. 
If the above conditions are rret, the points where h ' (z)=O are 
saddle points and the curves at which Re } th(z)l is constant 
are cal l ed level curves. The curves along which I m \ th ( z)\ is 
cons tant are called s teepest paths. It can be shovm from complex 
variables that the val ue of the integral is not ch anged if the 
integration path is defonned. This is true, however, only if 
the same endpoints a and b are used . 
To evaluate the integral the i ntegration path is deformed 
such that it coincides as close as possible to the steepest descent 
path passing through the - saddle point. The main contribution to 
the integral then comes from the region nea r  the co l .  This 
me �hod yie l ds a s olution in terms of gamma functions. 
·
r
. 
APPENDI X B 
E ULER ' S  TRANSF O RMATION 
Euler's transformation can be use d to find the s um of a 
divergent s eries. According to Euler, the sum of  a divergent 
seri es is the finite numerical value of the conve rge nt expression 
from which the dive rgent s eries was derived [ 1 0]. 
Cons ider the function 
ln(l+x ) ; 
it h as a critical point at x = -1 ,  however, the expression 
1 n ( 1 +x ) = x - 1 x2 + 1 x3 -
2 3 
. . . . . .  , 
has another critical point at x = l. This critical point is 
a res ult of the way the function was - expanded and not a result of 
the function i tself. This c ritical p oi nt co uld . have bee n  
eliminated had the function been expanded as -
1 n (1 +x) = _x __ + ]_{ x )
2 + 1/�3+ • . . . • •  , 
l+x 2 \ l+x 3 ll +x ) 
Thi s  procedu re is similar to Euler's general cas e. 
Consi de r the series 
CX) 
S(x) = [ amx
m+l 
rn=O 
which is convergent for sufficiently small values of  x. 
Set 
x= X 
1 -y , 
y= _x __ 
l+x 
(B. 1 )  
(B . 2) 
Substitution of (B.2 ) into (B. 1) and expanding in powers of y 
resul ts that 
S ( x) = 
where 
b = a0 
b l = ao + 
L b 
ri+  1 
nY 
n: O 
a
l 
+ • • • • a . n , 
( B . 3 ) 
( B . 4 )  
Equation (B . 3) is val id for suffici ently small val ues o f  y an d 
as a resul t of  { B.2) , it is vali d for large val ues of x. 
J 
Therefore, while (B . l ) di verges for large values of x ,  ( B . 3 ) 
converges in y an d also represents the sum of  S(x). 
When x = 1 , an d y = 1 /2 ; ( B .  3) becomes 
S ( x) = L b n 2-
( n+ 
1 ) ( B .  5) 
n: O 
and this expression is usual ly cal led Euler ' s  trans formati on. 
Euler summed the asymtotJ c series 
S ( x ) = l ! x - 2 ! x2 +3 ! x3 - . . . .  =J xte-t dt 
l+xt 
for x = 1 by applyi ng the transfonnati on (B . 5) . 
The tran s fonnation can be appl ied to yield 
s ( 1 )  = l _ l + l _ .!l + 5 3  _ 309 + • • • •  
2 4 8 1 6  32 64  
Notice, however, that only the first two terms converge. 
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The s um can be represented by 
s ( 1 ) = .!. - l + A 
2 4 
where A is the sum of the remaining terms 
By applying the trans formation to A one finds that 
+ • • • • • • • • • •  
Divergence is found after the second term in this application. 
By! continual l y  applying this rrethod, the firs t eight terms s um 
to S (l )  = 0. 4008. This is an error of onl y 0. 7 per cent from the 
expected value of 0. 4037. This method cou l d  therefore be us eful  
in obtaining the sums of divergent series. 
The folowing rules may al so  be empl oyed when applying Euler ' s  
transformation [ 1 0]. 
(1)· Include all terms, even zeros,  in the trans formation. 
(2) The trans fonnation may be s tarted from any tenn ,  but 
bes t resul ts are obtained if the 1 as t term in the 
expansion is the smalles t. This will resul t in better 
convergence for the same number of trans formations. 
(3) Repeated  transfonnations not onl y improve the con­
vergence but also s l ow it down. It is therefore 
advisabl e  to use as few trans formations as possibl e. 
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